Abstract-Four-Leg (3-phase 4-wire) inverters are developed to power unbalanced/nonlinear three-phase loads. A unique 4 4 decoupling transformation matrix is used that enables direct transformation between the four degree-of-freedom (DOF) leg-modulation space of the inverter and its corresponding 3-DOF outputvoltage space. This is analogous to the well-known 3 3 " -" transformation developed for the three-leg inverter. Details of this new 4 4 "Quad" transform are provided, along with a depiction of the voltage-vectors produced. Advanced synchronousframe control techniques are applied with this 4-to-3 " -" transform to create a UPS-style inverter with sinewave output. Experimental results for an 8.6 kVA prototype inverter are presented.
I. INTRODUCTION

F
OR SOURCING power to unbalanced and/or nonlinear three-phase loads four-leg inverters have been developed, where the fourth leg connects to the load neutral [15] . The topology is commonly a "full-bridge" VSI with LC filters suitable for producing sinusoidal output voltages [2] , [4] . Previous analyses of the four-leg topology have utilized the well-known 3 3 " -" transformation [7] matrix in modeling the operation of the four-leg inverter [8] , [10] , [11] , [14] . While this " -" transformation is widely used for the modeling and control of three-leg inverters, it does not adequately address the extra degree-of-freedom (DOF) the four-leg inverter provides [1] , [12] .
A unique 4 4 decoupling transformation matrix is used for the four-leg inverter that enables direct transformation between the 4-DOF leg-modulation space of the inverter and its corresponding 3-DOF output-voltage space [1] . With this new 4 4, or Quad-Transformation matrix the legs of a four-leg inverter can be deterministically modulated to produce arbitrary phase voltages, regardless of loading. Advanced synchronous-frame control techniques are applied with this 4-to-3 Quad-Transform to create a UPS-style inverter with sinusoidal output voltage. Experimental results from an 8.6 kVA prototype inverter are provided.
Manuscript received October 25, 1999; revised April 5, 2001 . This work was presented at the 1999 IEEE PESC Conference, Charleston, SC, June 27-July 1, 1999 Publisher Item Identifier S 0885-8993(01)08044-9. II. CIRCUIT TOPOLOGY, MODELING AND TRANSFORMS Fig. 1 below depicts the circuit topology of the four-leg sinewave inverter developed and tested in the lab. Note that the fourth leg controls the neutral voltage and conducts any neutral currents.
The load in Fig. 1 is arbitrary and can be unbalanced and/or nonlinear. The inverter legs are controlled via PWM at a fixed switching frequency: a modulation index from 1 to 1 produces an "instantaneous-average" leg voltage ranging from 0 to [V] . While the leg-modulations are independent and represent a 4-DOF leg-voltage space, the four-leg inverter only controls a 3-DOF output-voltage space: e.g., if
, , and are know than is implicitly defined. From Fig. 1 the unfiltered phase voltages are found
[V] (1) where are the modulation indices for the respective legs. The place-holder quantity, , has been defined to form a 4 4 transform. This placeholder term represents the loss of 1-DOF in going from leg-voltage space to output-voltage space, and has no bearing on the actual output voltages produced. As detailed in [1] the leg-voltages of a four-leg inverter can be modeled as a projection into a 3-dimen- Fig. 2 form the familiar triad of a three-phase system in the -plane [2] , [7] . The vectors of Fig. 2 comprise the upper part of the new " -" or "Quad" transform matrix [1] (2)
The matrix provides an amplitude-invariant decoupling transformation from " " phase-quantities to an orthogonal -space, as given in (3) where represents the phase quantity of interest (voltage, current, etc.) The term again represents a place-holder term such that a square (and hence, invertible) transform is formed. Note that the familiar " -" definitions used for the three-leg inverter are preserved [1] , [7] . The four-leg inverter has sixteen ( ) switchingstates/voltage-vectors, which project into -space as shown in Fig. 3 . Note that the fourteen nonzero vectors in Fig. 3 fill out a rough "sphere" in -space; this is analogous to the "circle" formed by the six nonzero voltage-vectors of the three-leg inverter in the -plane [1] . The inverse of is found as (4) As the four-leg inverter produces only three independent output voltages, subsets of the Quad-Transform are formed as (5) Fig. 4 . Equivalent single-phase models of four-leg inverter in qdo-space. (6) where the general vector quantities and have been defined. Combining (1) and (5), the phase voltages of the inverter may be found as functions of the modulation indices
Equation (7) shows that ; thus, the four-leg inverter can now be represented as three decoupled single-phase systems, as depicted in Fig. 4 . Previous representations of the four-leg inverter system using the ordinary 3 3 -transform could only depict decoupled systems after phase current regulators were applied: the fundamental phase voltage coupling was still present. Note that the zero sequence output voltage is explicitly controlled by the inverter modulation. In Fig. 4 the circuit components equal those of the actual three-phase filter: ; ;
.
III. SYNCHRONOUS-FRAME CONTROLLER
The 3-D " " output space of the inverter is represented in Fig. 5 as three orthogonal axes ("right-hand-rule" convention [9] ) where an arbitrary vector, , is shown. A vector representing balanced positive-sequence 3-phase voltage rotates counter-clockwise in the -plane at [rads], with the fundamental frequency. A second -frame is constructed by rotating around the -axis by angle as depicted in Fig. 6 . Note in Fig. 6 that the and axes point out of the page. The original frame of reference is the stationary-frame (superscript ), and the rotated frame is the synchronous-frame (superscript ). Note also in Fig. 6 that the and axes are aligned. Thus, synchronous-frame zero-sequence quantities are identically equal to their stationary-frame counterparts;
. A vector in the stationary-frame is transformed to synchronous-frame coordinates by a 3-D rotation matrix [9] representing a rotation about the -axis by an angle (8) Combining (5) and (8) the synchronous-frame quantities, , are found from the phase quantities, (9) where the shorthand notation and is used. The inverse of is found as
The and transforms are used to construct an advanced synchronous frame controller using a cascaded topology: inner-loop on filter capacitor current; outer-loop on capacitor (or output) voltage [3] , [5] , [6] . Fig. 8 depicts the , . Note that the transform simultaneously translates quantities into decoupled equivalents, and rotates the vector into the synchronous-frame. With (8) the circuits of Fig. 4 are transformed to a synchronous-frame representation, Fig. 9 , where the LC filter components have been represented in state-space form [3] . Note in (8) that in rotating to the synchronous-frame there is no cross-coupling introduced to the -axis. Thus, as seen in Fig. 9 , the -axis system stands apart from the -and -axes. Note also in Fig. 9 that the inverter block is compensated to produce unity gain, and that output-voltage, or "Back-EMF" decoupling is implemented [3] .
Reference commands for the synchronous-frame controller are formed by recognizing that a sinusoidal output voltage corresponds to a capacitor current of in the steady-state. Thus, capacitor current leads output voltage by 90 in the synchronous -plane as depicted in Fig. 7 . The full-state command vectors are formed as
[A]
where an arbitrary sinusoid has been commanded to the -axis. For balanced three-phase voltage:
. Note that the angle is an arbitrary phase angle for the reference vectors with respect to the synchronous frame (reference Fig. 7) .
Referring to Fig. 9 , it can be seen that the -and -axis circuits of Fig. 4 have cross-coupling terms when depicted in the synchronous-frame. To compensate for the fundamental voltage across the filter inductors, , feedforward terms may be used:
. In practice the terms represent only 0.1% of the total inverter voltage commands, , and thus they are not usually implemented (see parameters in Table I ). The terms represent the fundamental current through the filter capacitors, which are decoupled by the capacitor current command:
. The equivalent, decoupled system in the synchronous-frame is now depicted in Fig. 10 .
As seen in Fig. 10 , the equivalent controller is actually three single-phase controllers operating independently. The reference commands for all three axes are DC quantities and, thus, the PI-based controllers will regulate steady-state errors to zero. Since the equivalent controllers depicted in Fig. 10 operate independently, the closed-loop (CL) four-leg inverter can be represented as three sinusoidal voltage sources in the -frame. These are depicted in Fig. 11 .
The , and terms in Fig. 11 denote the equivalent CL output impedances of the respective phases. These impedances are determined by the filter parameters and controller gains, and define the dynamic-stiffness of the inverter [2] , [3] , [13] . Note in Fig. 11 that the four-leg inverter produces a regulated zerosequence voltage to the load, and as such will conduct neutral currents associated with unbalanced and/or nonlinear loads.
IV. EXPERIMENTAL RESULTS
The inverter and controller parameters for the four-leg inverter are listed in Table I . A general-purpose Pentium™-based digital controller was used to implement the control [2] .
A. Unbalanced Load
Results from an unbalanced load test, , are shown in Fig. 13 for the four-leg inverter. For comparison, Fig. 12 depicts the performance of a three-leg inverter (with an equivalent controller) sourcing the same load. As seen in Fig. 12 (top) , the three-leg inverter can readily regulate the -voltages of the load (equivalent to the line-to-line voltages), but it cannot compensate for the zero-sequence voltage, , created by the unbalanced load. This is an inherent limitation of three-leg inverter systems. Plotted in -space, the unbalance produces a trajectory "tilted" out of the -plane as seen in Fig. 12 (bot) . Conversely, the four-leg inverter in Fig. 13 (top) regulates the zero-sequence voltage to zero, and accurately tracks the -reference in the -plane; Fig. 13 (bot) . (Note: the high-frequency oscillations seen are due to the limits of the general purpose controller.) As projected, the Quad-Transform enables the four-leg inverter system to maintain three balanced line-to-neutral voltages in the presence of unbalanced loads.
B. Mixed Loads
To emulate the loads typically found in an office building, where single-phase computer power supply type loads are prevalent, the system was tested under mixed load conditions where all loads are line-to-neutral. Fig. 14 depicts the phase-a current; Fig. 15 depicts the -phase voltages. In Fig. 15 there can now be seen some distortion of the -phase voltages due to the nonlinear nature of the phase-current. Even in the presence of such a harsh nonlinear load, with current spikes of 50 [ ], the phase-output voltage regulation is maintained with a THD of only 5.3%. Fig. 16 depicts the -phase voltages, and their reference, in -space. In Fig. 16 , it is seen that closely tracks the reference circle in -space. As depicted in Figs. 14-16 , the Quad-Transform 4) With the Quad-Transform, the four-leg inverter can be modeled as three decoupled single-phase systems down to the inverter phase-voltage level. 5) A synchronous-frame controller is developed that deterministically regulates all three components of the outputvoltage space: , , and . As is seen in the experimental results, the four-leg sinewave inverter system is able to accurately regulate balanced, positive-sequence three-phase voltage in the presence of unbalanced and/or nonlinear loads. He is with Capstone Turbine Corporation, Chatsworth, CA, where he is developing power electronic converters for Micro-Turbine systems. He has had a wide range of industrial experience with positions at General Electric, Hamilton Standard, and Otis Elevator. In addition, he has completed Post-Doctorate work at the Institute for Power Electronics and Electric Drives, RWTH-Aachen, Germany. His work has included power electronic converters for brush and brushless dc motors; real-time micro-processor control and programming; robotic path-planning, kinematics, and control for multiaxis winding machines; and soft-switching design of resonant inverters for induction heating. While at the University of Wisconsin, he has worked in the Wisconsin Electric Machine and Power Electronic Consortium (WEMPEC) labs on projects including dc-dc converters, variable-speed generation systems, and UPS inverter control. In addition, he has worked with the school's Hybrid Electric Vehicle Group on vehicles that have won first-place titles at several national competitions.
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